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Abstract

The time evolution of chemical substances in a set of reactions is modeled by a
nonlinear dynamical system, which warrants the use of numerical methods for differen-
tial equations. Previous work advocates the use of a high-order Taylor series method
because of an observed reduction in computation time. Contrastingly, we demonstrate
that when the model does not exhibit stiffness, the quality of output may be dra-
matically reduced by use of a Taylor Series Method. When the modeling function
exhibits stiffness, our implementation of a Taylor Series Method fails to compute. By
our provided counter example, numerical methods when applied to the given modeling
function remain subject to a case by case consideration.
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1 Introduction

Systems of chemical reactions are common in many fields, notably in biochemistry, where
reactions take place within a cell. These reactions are typically presented symbolically, in-
dicating the proportions in which a set of initial chemicals interact to form other chemical
substances. For each reaction there is an associated rate that governs the change in concen-
tration of all related chemicals over time. The rates at which reactions occur can be difficult
or even impossible to measure experimentally; they can vary over many orders of magnitude
and thereby posses certain difficulties for chemists.

The ability to describe the concentration of any particular chemical substance at any point
in time during a reaction is valuable to both chemists and mathematicians. Doing so requires
analysis of a nonlinear kinetic model, for which numerical integration is required. Previous
attempts at numerically integrating the kinetic model by a Taylor series method consider
only instances for which a closed form solution may be obtained. When a closed form solu-
tion is not obtainable, derivatives may be computed by an iterative procedure.

Independent of considerations regarding the step size of the Taylor series method, we address
three points of computational concern; one of these is resolved by dynamic programming,
though the others remain without resolution. We therefore conclude that the Taylor series
approach to numerical integration requires either further analysis or abandonment.



2 Theory of Chemical Reaction Networks

Chemical reactions are traditionally written schematically by the reaction equation
n m
Z o; - Reactant; LA Z B; - Product; (1)
i=1 j=1

which denotes the set of reactants chemically interacting at rate £ € Ry to form the set of
chemical products. The stoichiometric coefficient «;, assumed in Z, indicates the propor-
tion in which reactant ¢ exists relative to the other reactants, and similarly for 3;.

We formalize the schematic reaction equation (1| into more mathematical structures first by
noting that a chemical reactant X with stoichiometric coefficient a (X) may also be regarded
as a chemical product with coefficient 0. The converse is true for chemical products. The
chemical substances that are either reactants or products collectively form the set of chemical
species, which can be anything that participates in the reaction. Typically, chemical species
are considered chemical elements, molecules, or proteins.

The set of reactants and products of any reaction are each called a complex, which is a set
of elements with associated coefficients in Zs,. In this regard, a complex is considered a
multiset over the set of species, where the multiplicity of any species is given by its stoichio-
metric coefficient. The chemical process consumes the species on the left side of equation
and consequently forms those on the right.

A set theoretic interpretation of equation (1| is the chemical conversion of one complex to
another by the “reaction arrow,” which represents a binary relation on two complexes.

Definition 1. Given a finite set of chemical reactions, we define a chemical reaction network
as a quadruple A = (Y, €, %, k) where

e .7 is the set of chemical species, assumed nonempty and finite;

e % denotes the set of complexes, having nonempty finite multisets on . such that for
all X € ., the stoichiometric coefficient of X is its multiplicity in its complex.

e % is a binary relation on % with the property that for all Y € &, there exists a
dissimilar Y € € such that either (Y,Y’) € Z or (Y',Y) € Z holds.

o k: % — Ry is the rate map.

A chemical network is a mathematical structure that formalizes the schematic reaction equa-
tion (1) and generalizes to the case when many interacting chemical reactions occur. The
algebraic properties of chemical networks is an area of study that complements ours [7]. For
our purposes, the term largely serves to aggregate our concepts of species, complexes, and
reactions.



For a chemical network .4#” having (Y,Y”) € Z, it is possible that (Y',Y") € Z also; chemists
say that these reactions are “reversible,” possessing certain thermodynamic properties. We
regard this situation as two independant reactions in .4,

Definition 2. For Y € ¢, we write a(X) € Y to mean «(X) is the multiplicity of some
species X.

For any chemical network .4” having o (X) € Y and 3 (X) € Y’ for each (Y,Y’) € &, the
time evolution of species is given by the map f : ]R‘/‘ — R' " defined by

XD = > BX) —-aX) kv, Y)- ] X (2)
a(X),8(X) Xe.s

where [X] = [X] () is the concentration of any X € .#. The scientific notion of concentration
is not mathematically necessary, so we simply regard [X] as some non negative real number.
The origin of our modeling function given in equation 2l may be found in [5].

Example 1. Let X be the vector having components [A], [B], and [C]. The deformation of
species A in the chemical reaction 2A + B LNYGRT given by

fa ([X]) = —2k[A]*[B] (3)

Example 2. Consider the set of chemical reactions

A—>B
2B——>B+C
B+C™A4C

Let [X] be the vector having components [A], [B], and [C]. The time evolution for the species
A, B, and C in the above reactions is enumeratively given by

Sa (X)) = = 1[A]+k3[B][ ]
J ([X]) = k1 [A] = ks[BJ[C] — k2[B]? (4)
fe ([X]) = k2[B]?

Numerical integration of the function given in equation 2l may be done by any of the standard
methods, including any of the Runge-Kutta methods, an Adam-Bashforth-Moulton method,
or a backward differentiation formula [3][I0]; however, a Taylor series method is often ad-
vocated as having high utility for numerically integrating [2| and many implementations are
known [1] [2] [8].



3 The Taylor Series Approach

If we consider

d[X]

e = fx([X]) (5)

where fx([X]) are the components of f given in equation [2] then integration of 2] describes
the concentration of each species X € . at any point in time during the reaction process.

Derivative computation for the Taylor series method is done in [1] by a specialized iterative
procedure which reportedly reduces computation time; however a derivation is not provided.
For our purposes, we compute derivatives of order n by the application of theorem

Theorem 1. Let .4 be a chemical network such that «(X) € Y and 3(X) € Y’ for all
(Y,Y") € Z. The n'® derivative of f as in equation [2|is recursively given by

d» n 7 g .
i X)= 3 5 (o) T B ©)
-1
o B = 3 R |H (a(Xi) = 0) [T e (7)
mell =0 Ber
where
o 7= (B(X) - a(X)) k(YY)
e 0 is the condition that n; +--- +n g = n.
e 7 runs through the set II of all partitions of the set {1,2,...,n;}.
e cach B runs through the list of all of the “blocks” of the partition .

Proof. To differentiate f, we differentiate across the product-reactant stoichiometric coeffi-
cients of each reaction:

dn

Lex)= Y () —alX) - kY TT K ®)

a(X) A(X) dem s

thereby requiring differentiation of the product [[y. . [X]a(X). The generalized Leibniz rule
allows for differentiation of a product of functions defined on an open interval of R. The n'®
derivative of the product is given by

71 g

S X (9)
1

d n
= XQ(X) _
din H [ ] Z (nl,ng,...,n|y|>

Xes ni+-+n| o =n

i=



Let ¢ : R>g — Rxg be defined by  ([X]) = [X]*®) such that (v o [X]) (t) = [X](#)*®), which
we conveniently shorten to [X]*®). Differentiation of v o [X] requires an extension of the
chain rule up to order n. Analogous to the generalized Leibniz rule, the formula of Faa di
Bruno gives an method for computing high order derivatives of a composition of functions.
Applying the combinatorial form of the formula of Faa di Bruno to equation [9] we have

aps (Ve XD =2 we XN o [T X" (10)

mwell Ben

where 7 runs through the set IT of all partitions of the set {1,2,...,n;}. Each B € 7 runs
through the list of all of the “blocks” of the partition .

Since 1 is polynomial in [X] with exponent «(X), its n'® derivative is explicitly given by

G | R (1)

Extending equation [5 to higher order cases, we compute [X]Z/(#) recursively by

dIBI[X] dIBI=T £
deB T q¢BIt

(12)

Equations |11 and [12|establish the existence of derivatives of the n'" derivative of f. Combin-
ing equations through defines a recursive procedure for computing the n'® derivative. [J

The formula of Faa di Bruno and generalized Leibniz rule are both infrequently encountered
differentiation formulae; their derivations are outlined in [9] and [I1], respectively.

Example 3. Consider the reaction 2A + B £ Cas given in example |1 The time evolution
of each species’ concentration is given by

dA] _

d[B] _
- —

dt

d[C]

~2H[A[B] S

—k[AJ*[B] = k[A]*[B]

Computing first derivatives requires partitioning n = 1 into |.¥| = 3 nonnegative integers.
Let ox = (¢ o [X]) for each X € .% and ¢ defined as in theorem [1} Application of the Leibniz
rule to the product [A]?[B] gives

d 1 0 0 0 1 0 0 0 1
7 (APB]) = oo ¢ + el on o + ol e v’

which simplifies to

% (AF[B]) = %@A[B] + [A]Q%% + [A]Q[B]%Wc

We now apply equation |10, which is simply the chain rule for derivatives of order 1:



d d d d d
Frid S 2[A]E[A] = &[B] e = 0

The first derivative is given by combining f, the Leibniz equation, and the Faa di Bruno
equation. The first derivative is given by

CIA] ok (Cak[AP[B? — AT2B)
dt
d?[B| 3IR12 2
S = —h (~4K[AP[B] - K[AJ[B))
d?[C] - 31R12 2
o = k (—4K[AJ[B? — K[AJ[B])

Derivative computation for both networks found in example [1| and [2| require partitioning n
into .| = 3 nonnegative integer. These partitions are enumerated in table

n Distinct Partitions of n into || =3 Number of Partitions
1 (0,0,1), (0,1,0), (1,0,0) 3
21 (0,0,2), (0,1,1), (0,2,0), (1,1,0), (2,0,0), (1,0, 1) 6
31 (0,0,3), (2.1,0), (0,2,1), (2,0,1), (0,3,0), (1,0,2), 10
(1,2,0), (0,1,2), (3,0,0), (1,1,1)
4] (0,0,4), (0,1,3), (0,2,2), (0,3,1), (3,0,1), (4,0,0), 15
(0,4,0), (1,3,0), (1,2,1), (1,0,3), (1,1,2), (2,0,2),
(2,1,1), (2,2,0), (3,1,0)

Table 1: Multinomial coefficients required for the application of the Leibniz rule when |.#| = 3 for
derivative orders up to n = 4.

As n increases, the number of partitions of n into |.#| integers in Zso grows rather quickly.
This presents a combinatorial constraint on our analysis of equation [} Despite having
an iterative procedure for calculating n'" derivatives, evaluation of higher order derivatives
becomes burdensome.

Definition 3. For any X € .| the degree of a polynomial

S(XN) = D anlX]"+ec

TLGZzl
is given by
degx (¢) =3 a, #0 7 argmaxa, #0:0

for ¢, a; € Rxy.
Theorem 2. Let f be defined as in equation If A4 is a chemical network such that
a(X) — B(X) # 0 for all a(X) € Y and B(X) € Y’ for each (Y,Y’) € Z, then

degy (fi(n)> = degy (fj(n)>

over all X € .Z.



Proof. Let a(X) — 3(X) # 0 for all a(X) € Y and B(X) € Y’ where (Y,Y’) € Z. Equation
may be written

f(XD= > [ —a®) k@ Y) [ (AW ]| xe™

a(X),8(X) Aes\{X}
By hypothesis, 8(X) — a(X) > 0 and k (Y, Y”) > 0 by definition . Therefore, vy € R,
which implies that f is polynomial in X with coefficients
Py = (AX) —a(X)) k(¥ Y) - [ (AW
Aes\{X}
If a coefficient is zero, then the concentration of some A € .\ {X} must be zero; if this is

the case, then the coefficient will be zero in both f; and f;.

Since

Z (I)YY" ()

o(X),8(X

computing fi(n) and fj(n) requires applying the formula of Faa di Bruno to [X]Q(X) only:

||—1
7= 3 @pyy - [ DX T (ax) -0 TT X))
a(X),8(X) well =0 Ber
|7|—1
= > Sy [ DX T (x) -0 TT X"
a(X),6(X) mell =0 Ber

where 7 runs through the set II of all partitions of n. The degrees of fi(n) and f](n) are given
by

lo|—1
degy (f ) = Josuch that [] (a(X) —£) =07 a(X) - |o] + degy (H [X]|B|(t)) L0
/=0 Beo
lo|—1
degy (f > = 3 o such that H —0) > 07?7 aX) —|o| + degyx (H [X]lBl(t)) : 0
=0 Beo
for some partition o of n. ]

Whenever two polynomials f; and f; are defined explicitly over their respective variables
such that they have common degree, their n'" derivatives will also have common degree.
Theorem [2| extends this to the situation when f; and f; is implicitly defined in terms of ¢,
even when of the form given by equation [2|



Contrastingly, whenever f; and f; are polynomials defined explicitly over their respective
variables, differentiation creates a monotonically decreasing sequence of degrees; because of
the implicit nature of f, as given in equation [2| we form a monotonically increasing sequence.

Theorem 3. Let f be defined as in equation If 4 is a chemical network such that
a(X) — B(X) # 0 for all a(X) € Y and B(X) € Y’ for each (Y,Y”') € Z, then the sequence

{degx () degx (A" -+ desx (1)} (13)
monotonically increases.

Proof. Let f be defined as in equation [2] As the proof of theorem [2] suggests, the degree of
fi over each X € . is the largest reactant stoichiometric coefficient in .4". Mathematically,
this is given by

degy (f;) = max (o (X)|V(y,y) € Z : a(X) € y)

We continue with a proof by induction. The case when n = 1 serves as our basis. Equation
[0 reduces to

|-

%fx ([X]) = Z (ﬁ(X) — a(X)) k(YY) Z[X]a(x)fla(x)a[x] H [Aj]a(Aj)

CM(X),ﬂ(X) 0 j:njfl

where X = A, _; and 0 is the condition that ny +---+nj» = 1. The degree of f>((1) is given
by

d
degy (f)%”) =aX)—=1>07?7 o(X) =1+ degy (&fx) 0
over any X € . for some other f;. Now, suppose that for fixed n

{degx (fx),degyx ( >((1)> ,o .., degy ( >(<n)>}

increases monotonically. For n 4+ 1 there must exist some tuple (nl, Mg,y ..., 1N y|) satisfying
ni +---+n.» =n+1such that

I
(ol
)

a2
>

degx (f i(n+1)>

Consider the partition 04+0+---+nx+---+0=n+ 1, implying that nx = n+ 1. We then

have
4

dnj A dn+1
a(X;) a(X)
sy (3 06170 2 deg (S 1)




which warrants the use of the formula of Faa di Bruno:

|| -1

o (g X ) = e | 2 1639 T (a(3) — ) T] 510

mell Ber

such that 7 runs through the set IT of all partitions of the set {1,2,...,n 4+ 1}. The induction
hypothesis leads us to consider partitions of n+ 1 maximizing |B|, which will result in larger
derivative degrees. The trivial partition on n 4+ 1 maximizes |B| and minimizes «(X) — |x|,
thereby ensuring

|| -1

degy Z [X]a<X)—|w| H ((X) = 0) H [X]‘B‘(t) > degy <[X]a(x)f1 (a(X) = 1) [X] (n+1)>
/=0

mell Bem

But,
deg ([X"™7 (@(X) = D [XI") = a(A) =107 afA) = 1+ deg (X) 10
= a(A)=1>07? a(A) — 1 +degx (f™): 0

for some component f, of f. Using our premise, we employ theorem 2] so that
a(A)=1>07 a(A) — 1+degy (f™) :0=a(A) —1>07 a(A)— 1+ degy (f}”)) 0
]

Example [2| demonstrates that theorem (3] is not always applicable, since product-reactant

differences of stoichiometric coefficients of C in reactions A 25 B and B + C %% A + C are
zero. If we remove the premise of theorem |3, we may achieve a similar results by considering
degy (fx([X])) where fx([X]) describes the time evolution of species X € .7.

Theorem 4. Let fx([X]) = [X]" (¢). The sequence

{degx (f)  degx (A) -+ desx (A”) ] (14)

monotonically increases.

Proof. The proof of theorem [4] by induction is nearly identical to that of theorem [3] The
proofs become slightly different at the point

degx ( >(<n+1)) > degy <[X]O‘(X)‘1 (a(X) —1) [X](”+1)>
= a(A)—1>07 a(A) — 1+ degy (X(n+1)) 0

since we cannot employ theorem . Rather, our premise ensures degy (X(”“)) = degx ( f>((n)>

because X1 = fén), and therefore

degy (f>(<"+1)) >a(A)—1>07 al(A) — 1+ degy (f%")> 1 0

10



Theorems [3] and [4 reveal computational challenges when derivatives for the Taylor series are
calculated by equation [7| by virtue of the implicitly nature of [7| [12].

Suppose we aim to minimize the truncation error of the Taylor series by including terms up
to order n = 100. Let P, be the set of all partitions of n and P, || be the set of all distinct
partitions of n into || non negative integers; then, |P,| < ‘Pn7|y|‘. When truncating the
Taylor series at n = 100, we must compute P; for all 1 < 57 <100 when applying the formula
of Faa di Bruno. When we get to 7 = 100, we must compute the |Pyoo| = 190, 569, 292 parti-
tions of 100. Clearly, combinatorial explosion is an inevitable consequence of differentiation
as outlined in theorem [

Moreover, when evaluating f>((100) for each X € ., theorem W] requires the evaluation of
[X]10. If our implementation of equation [7]is done using double-precision (64-bit) numbers,
then the boundary of computation is defined by

e The positive and negative numbers closest to zero are 27197 ~ +5. 1073,

e The positive and negative normalized numbers closest to zero are
+271022 ~ 49 2250738585072020 - 1073%,

e The finite positive and finite negative numbers furthest from zero are
+£(1 - (1/2)%)21%% ~ +£1.7976931348623157 - 10%%,

Suppose that [X] = 45 - 10% then + (5- 104" = 45 - 100 ensures numerical overflow;
likewise, if [X] = +3-107*, then + (3 - 1()*4)100 = 43-107% guarantees numerical underflow.
Although n = 100 is a rather large derivative order to compute, overflow and underflow may
occur at lower order derivatives, since £(™ contains products of species’ concentrations and
products of rate coefficients, each raised to a monotonically increasing exponent.

11



4 A Dynamic Programming Implementation

Because the combinatorics of computing high-order derivatives are too burdensome, we aim
to exploit the structure of the equations of theorem [I] to yield more efficient results. As an
initial attempt, a naive implementation is given in algorithm [1}

Algorithm 1: Deriv
input : X, an array of species’ concentrations
k, an array containing the reaction rates
«, an array containing reactant stoichiometric coefficients
[, an array containing product stoichiometric coefficients
n, the derivative order to be calculated
output: D, an array of the n'® derivative components evaluated using X

1 if n < 0 then return 0;

2 L «— length(X);

3 init V «— 0;

4 for ¢ <+ 1 to length(k) do

s | W (314 - al]) - kI

6 foreach distinct partition P of n into L non negative integers do
7 U «— multinomial (n, P);

8 for i +— 1 to L do

9 init d « 0;

10 foreach partition m in partitions(F) do

11 a «— exponentiation(X[i], ali]—length(m));
12 for j < 0 to length(mw)—1 do

1 | @ a-(ali] - )

14 end

15 foreach block B in m do

16 ‘ a «+— a-deriv(X, k,a, 3,length(B)—1);
17 end

18 d—d+ a;

19 end
20 U — Ud,
21 end
22 W — W+ U;
23 end
24 V—V+W
25 end

26 return V

Algorithm [1] calls functions Multinomial, Partitions, and Exponentiation. The functions
Multinomial and Exponentiation are easily implemented and do not present any particular
challenges; Partitions is a significanly more challenging routine to efficiently implement,
and remains a topic unto itself [14].

12



A naive implementation requires transversing the directed acyclic graph (DAG) of distinct
tuples given by partitioning n into |.#| non negative integers; each tuple is associated with
a set of iterations. This approach is rather inefficient, since we may compute the same
derivative term for multiple tuples.

Example 4. Both the reaction 2A + B E Coas given in example [1| and set of reactions in
example [2 have || = 3. For each X € .7, f>(<2) when derived via the algorithm of theorem
[, DAG representation given in figure [1}

Because each element of a tuple corresponds to the order of a derivative that must be
calculated, branches of the DAG must be transversed multiple times. The total number of
times f must be evaluated is 45: 15 as depicted in figure |1 for each of the 3 species. When
computing f>(<3) each X € .7, the entire DAG of figure |1| is transversed 6 times, as well as
transversing various subgraphs.

One possible resolution to the inefficiency of algorithm [1}is by “memoization,” where deriva-
tive terms are stored in a map object. If the map does not contain the needed derivative
term, then it is computed and stored in the map, otherwise the value is accessed.

Let map be an object defined by (X, n) — fénfl) for each X € . such that f>(<0) = fx. Algo-
rithm [2] constitues a more efficient algorithm than that of [I since values are only computed
when needed, and are otherwise accessed in the map object.

Even when using a map object for a dynamic programming implementation, we do not avoid
the combinatorial difficulties presented by equation [7] Wheather we choose a “top-down” or
a “bottom-up” approach, increasing the derivative order restricts our computational abilities,
particularly for large |.7|. It is therefore critical that we employ calculus methods to solve
instances of [7| whenever possible [13].

13



1
\
L 1
(07 07 1) - (07 07 O)
1
1
1

(2,0,0) — (0,1,0) —— (0,0,0)

N

(0,0,1) —— (0,0,0)

Figure 1: Tuples needed for recursive differentiation when computing f;f) for each X €
&, where . = {A,B,C}. Arrows indicate recurssion; superscripts represent number of
equivelant recurssive calls.
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Algorithm 2: Deriv

input : X, an array of species’ concentrations
k, an array containing the reaction rates
«, an array containing reactant stoichiometric coefficients
(3, an array containing product stoichiometric coefficients
n, the derivative order to be calculated
tput: D f the n'® derivati ts evaluated using X
output: D, an array of the n'" derivative components evaluated using

1 L < length(X);

2 var M < map for / «+ 1 to length(k) do

3 | map ((,0) — X[{]

4 end

5 init V « 0;

6 for / — 1 to length(k) do

7| W= (Bl —all]) - k[{];

8 foreach distinct partition P of n into L non negative integers do
9 U < multinomial (n, P);

10 for i — 1 to L do

11 init d « 0;

12 foreach partition m in partitions(P) do

13 a < exponentiation(X[i], afi]—length(m));

14 for j < 0 to length(m)—1 do

15 o a-(ali] - )

16 end

17 foreach block B in w do

18 if M does not contain key X; length(B)—1 then
19 ‘ M]i,length(B)—1]| «deriv(X,k, «, 5,length(B)—1)
20 end

21 a «— aM[i,length(B)—1];

22 end

23 d—d+ a;

24 end

25 U «— Ud,

26 end

27 W — W + U,

28 end

29 V-V4+W

30 end

31 return V

15



5 Conclusion

We herein consider the deterministic approach of modeling the time evolution of species’
concentrations in a chemical system, where they are considered as a continuous, wholly pre-
dictable process which is governed by a set of differential equations. Because applications of
this effort include biopharmaceutical, accuracy in the numerical method is of great impor-
tance. We identify three numerical consequences from theorem [7] that restrict our numerical
and compoutational integrity:

e the number of partitions of n into || non negative integers grows quickly.

e derivative terms for a high-order Taylor series approach our boundary of compouta-
tional abilty.

e implementations of theorem [7] may be inefficient, requiring redundant derivative term
computation.

A dynamic programming implementation is able to resolve our third concern about theorem
[l However, the results of theorems [3] and [4] are unavoidable, thereby ensuring a trade-off
between minimizing truncation error and maximizing numerical accuracy.

Additional topics regarding the Taylor series method include choosing an adjustible step size
and the stiffness of the system. Both of these do not address or resolve the first two points
of numerical complexity; rather, they add to our list of concerns.

From this perspective, it seems reasonable to employ the Taylor series approach only when

the number of species is relatively low, and when the derivative order is not unreasonablly
large.
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